In the previous part we formulate our two main results, but we prove only one of two implications of the second theorem. Here we prove the inverse implication, and also the ÿrst theorem.
Introduction
In the ÿrst part [2] we formulate our two main results. The ÿrst of them describes digraphs of inÿnite type Á being uniquely determined by their (undirected) graphs in the class D(Á) of all digraphs of type Á. The second describes analogous digraphs for ÿnite types. Recall, in [2] we have proved only one of two implications of the second theorem. Now we show the inverse implication, and on that occasion, also the ÿrst fact. These proofs will be divided onto several steps.
Here we use the notation and facts from [2] . Additionally, + denotes the addition of arbitrary (i.e. also inÿnite) cardinal numbers.
For any ÿnite path (or chain) p = (f1; : : : ; fm) of a digraph D, by u1; : : : ; um; um+1 or sometimes more formally by u Note that in ( * ) we write ÿ3 + 1 = 3, because 3 and ÿ3 are cardinal numbers, and, of course, if 3 is a ÿnite number, this denotes ÿ3 = 3 − 1, but if 3 is an inÿnite number, then ÿ3 = 3. Proof. Obviously by ( * * ), there is a ÿnite path (e1; : : : ; em) such that t D (um+1) = ; t D (u1) = ÿ and t D (ui) = ÿ for i = 2; : : : ; m:
Let A be the set of ÿnal vertices of all such ÿnite paths. (Note A = ∅.) Then for any v ∈ A (using the axiom of choice, if necessary) we can choose one ÿnite path ending in v and satisfying the above conditions. Let P be the family of all these paths. By ( * * * ), arbitrary two di erent ÿnite paths in P are disjoint, because their ÿnal vertices are distinct. Now take the digraph H = DP. Then ÿrstly,
Secondly, by ( * ), ss H (v) = ss D (v) + 1 = 1 + 2 + 1 6 Á and t H (v) = ÿ = for each v ∈ A:
Thirdly, for each (e1; : : : ; em) ∈ P we have the following facts:
in particular, ss H (u1) + 1 = ss D (u1) 6 Á, and moreover, t H (u1) = , by ( * ).
t H (ui) = t D (ui) = ÿ = for 2 6 i 6 m:
By all the above facts, H is a digraph of type Á. Thus, because H * = D * , it is remained to show H D. Let B be the set of all vertices w of H such that t H (w) = and there is a ÿnite path (g1; : : : ; g l ) in H ending in w and such that t H (u1) = ÿ and t H (ui) = ÿ for i = 2; : : : ; l. Then by (2)-(4)
In particular, B ∩ A = ∅, because A ⊆ V P . Now take w ∈ B and some ÿnite path p = (g1; : : : ; g l ) of H ending in w. Assume that p and P are not disjoint, and let 1 6 k 6 l+1 be the greatest number such that u k ∈ V P . Then {u k+1 ; : : : ; u l+1 } ∩ V P = ∅. In particular, q = (g k ; : : : ; g l ) is a ÿnite path in D, because by (5), u l+1 = w ∈ V P , i.e. k 6 l. Hence and by (1),
On the other hand, since u k ∈ V P , there is r ∈ P such that u k ∈ V r . Thus q and r are ÿnite paths in D which satisfy conditions from ( * * * ), but they are not disjoint. This contradiction shows that p is disjoint with V P . Hence and by (1), p is also a ÿnite path in D such that t D (u l+1 ) = and t D (u1) = ÿ and t D (ui) = ÿ for i = 2; : : : ; l:
But then w ∈ A, which is impossible. Thus B = ∅. Hence H D, because A = ∅ and, of course, any isomorphism of D preserves this set.
Let D be a digraph and p = (e1; e2; : : :) an inÿnite sequence of edges. p is said to be an (inÿnite) ↓-chain i I ei) for i = 1; 2; 3; : : :. As previous, V p = {u1; u2; u3; : : :} and E p = {e1; e2; : : :}.
, where Á is a cardinal number, and triples = 1; 2; 3 , ÿ = ÿ1; ÿ2; ÿ3 of cardinal numbers satisfy the following conditions:
( * ) 1 ¡ ℵ0, 1 + 2 + 1 6 Á, ÿ1 = 1 + 1, ÿ2 = 2, ÿ3 + 1 = 3. ( * * ) There is an inÿnite ↓-path (e1; e2; : : :) such that
( * * * ) If p = (f1; : : : ; f k ) and q = (g1; : : : ; g l ) are ÿnite paths such that u
= ÿ for any 2 6 i 6 k, 2 6 j 6 l, then p and q are disjoint.
Then D ∈ UDD(Á).
Proof. Firstly, ( * * * ) implies that for any two inÿnite ↓-paths p and q such that t A = ∅ (by ( * * )), so we can choose for any v ∈ A, one inÿnite ↓-path ending in v and satisfying the above conditions. Let P be the family of all these inÿnite ↓-paths. Observe that any two di erent inÿnite ↓-paths in P are disjoint. Now take DP. In the same way as in the previous lemma (it is enough to replace ÿnite paths by inÿnite ↓-paths) we show that DP is a digraph of type Á and DP D, and, of course,
Let D be a digraph. Then ÿrst, for any v ∈ V D we deÿne the sets of vertices
Secondly, a pair P = v; P , where v is a vertex, and P is a family of ÿnite paths in D, is a star i |P| ¿ 2, and each ÿnite path in P starts from v, and for any two di erent ÿnite paths p = (e1; : : : ; em) and q = (f1; : : : ; f l ) in P, v is their exactly one common vertex, i.e. {u Let additionally N ∈ N be a non-negative integer, and = 1; 2; 3 and ÿ = ÿ1; ÿ2; ÿ3 be triples of cardinal numbers such that ÿ1 = 1 + 1, ÿ2 = 2, ÿ3 + 1 = 3. Then A star P = v; P is a -star i for each (e1; : : : ; em) ∈ P, t D (um+1) = and t D (ui) = ÿ for i = 2; : : : ; m. A -star P = v; P is a ; N -star i length of each (e1; : : : ; em) ∈ P is equal to N , i.e. m = N . A ; N -star P is full i for each ; N -star Q = w; Q , P ⊆ Q implies P = Q. Note the following simple characterization of full ; 1 -stars:
Hence, For any full ; 1 -star P = v; P and a ; 1 -star
This characterization implies also Any ; 1 -star P = v; P is contained in a full ; 1 -star Q = w; Q , i.e. w = v and P ⊆ Q. 
Then D ∈ UDD(Á).
Proof. Assume ÿrst that D does not contain ; 1 -stars. Of course, ( * * * ) holds for any such digraph. By ( * * ), there is a -star P = v; P . Let P1 be the family of all ÿnite paths in P having length 1. Then P\P1 = ∅, because P must not be ; 1 -star.
For any ÿnite path (f1; : : : ; fm) ∈ P\P1, take the ÿnite path (f2; : : : ; fm), and let Q be the family of all these ÿnite paths. Moreover, for any ÿnite path (f1; : : : ; fm) ∈ P, take the one-element path (f1), and let R be the family of all these ÿnite paths. Now take DQ. Then ÿrstly, D D * . Secondly,
Thirdly, it is easy to see that for each (e1; : : : ; em) ∈ P\P1, ss D Q (ui) = ss D (ui) = ÿ1 + ÿ2 = 1 + 2 + 1 6 Á for i = 3; : : : ; m; and sr
in particular, ss D Q (u2) = 1 + 2 6 Á. Recall, ÿ1; ÿ2; ÿ3 are cardinal numbers such that ÿ1 = 1 + 1, ÿ2 = 2, ÿ3 + 1 = 3. Thus DQ ∈ D(Á). These equalities imply also that v; R is a ; 1 -star in DQ. Hence, DQ D. Now we can assume that D contains ; 1 -stars. Then D contains also full ; 1 -stars. Let A be the family of all full ; 1 -stars. Take an equivalence relation ∼ on A such that for each P = v; P ; Q = w; Q ∈ A,
Recall that if v = w, then also V Take a ; 1 -star P = v; P of D. Then ÿrstly, there is a full ; 1 -star Q = w; Q containing P. Secondly, there is R = u; R ∈ A such that R ∼ Q. Hence,
Note also
and sr
These facts imply, in particular,
The ÿrst equality is obvious. Moreover, for any ; 1 -star P = w; P , |E P | ¿ 2 and
Hence and by ( * * * ), since 1 ¡ ℵ0, we obtain sr
Let ≈ be an equivalence relation on A such that for any P; Q ∈ A, P ≈ Q i there is a sequence (Pi) i=N i=0 of elements of A connecting P and Q, i.e. P0; : : : ; PN ∈ A and P0 = P and PN = Q and V Let C = {P B : B ∈ B} ⊆ A be a family of all representatives of equivalence classes of ≈, i.e.
Assume that there is
end for some B1; B2 ∈ B. Then there are P1 ∈ B1 and P2 ∈ B2 such that v ∈ V 
Take an arbitrary ; 1 -star P in D. Then by (6), there is Q ∈ A such that V 
Take B ∈ B and
and for each n ∈ N\{0}, let D B n be the set of all P ∈ A such that
Moreover, let
By a simple induction on n we obtain
For each P ∈ D B n ; there is a sequence (Pi) i=n i=0 of length n + 1 which connects P B and P:
Observe also
Hence, in particular,
On the other hand, let P ∈ B. Then P B ≈ P, so we can take a sequence (Pi) and Pi. Now the sequence (P 0 ; : : : ; P l ; Pi+1; : : : ; P k ) connects P B and P and its length is not greater than k. But this is impossible, so Pi ∈ D B i . This completes the proof of induction step. For each P ∈ A; there is an exactly one pair B; n ∈ B × N such that P ∈ D B n :
The existence follows from (12). On the other hand, take B1; n1 ; B2; n2 such that P ∈ D
n 2 ⊆ B2; so P ∈ B1 ∩ B2: Hence, B1 = B2, so also n1 = n2, because D For any P ∈ D B n , if n = 0 (i.e. P = P B ), then
For each P ∈ A, let
Now we prove several facts for these sets,
Firstly,
end . Secondly, by (13), there are B1; n1 ; B2; n2 ∈ B×N such that P1 ∈ D B 1
If B1 = B2 and n2 6 n1 − 2, then the proof is analogous. If B1 = B2 and n1 = n2 − 1, then
n 1 . If B1 = B2 and n2 = n1 − 1, then the proof is analogous. If B1 = B2 and n1 = n2 = 0, then P1 = P B 1 = P2. If B1 = B2 and n1 = n2 ¿ 1, then P1 6
n 1 P1. Since P1 = P2, we have in the ÿrst case (the second is analogous) that
The above cases complete the proof of (14).
Take P ∈ B. Then U P ⊆ V These three facts imply that if n ¿ 1, then v ∈ U R . Take now n = 0. Then R = P B , so U R = U P B = V 
Thus by (14), P1 = P2; so g = f by the deÿnition of stars. This implies
Now take H = DF . Of course, it is su cient to show H * D * and H ∈ D(Á) and H D, because then D ∈ UDD(Á). The ÿrst fact is obvious.
By (17),
Now we prove sr 
Take P = w1; P ∈ A such that v = w1. Since v ∈ V A end (see (7)), we obtain by (17),
Then there is Q = w2; Q ∈ A such that f ∈ F Q . Hence, w2 = I D 1 (f) = v, so by the deÿnition of A, P = Q, in particular f ∈ F P . Since f was arbitrary chosen, we obtain
because the inclusion ⊇ is obvious.
By the above two equalities,
Of course, this implies sr H (v) 6 sr D (v). Now we want to prove the second inequality. By (13), there is a pair B; n ∈ B × N such that P ∈ D B n . If n = 0, then
Then by the deÿnition of U P , I D 2 (f) ∈ U P . Thus f ∈ F P . The above two cases imply
Moreover, we have
It follows from these two facts
Hence and by ( * * * ), |E 
It easily follows by this fact and (17), (19) that P = u; P is a ; 1 -star in D. Hence and by (6) we obtain V Now to end this proof it is su cient to show the following lemma. It is formulated for digraphs of arbitrary, also inÿnite, types, because we will also need this fact in the proof of the next result.
Recall that for any
Lemma 5. Let D ∈ UDD(Á), where Á is an arbitrary cardinal number, and a triple of cardinal numbers = 1; 2; 3 satisfy the following conditions:
Then there is no vertex
Proof. Assume that A = {v ∈ V D : t D (v) = } is non-empty, and take the triple of cardinal numbers ÿ = ÿ1; ÿ2; ÿ3 such that ÿ1 = 1 + 1, ÿ2 = 2, ÿ3 + 1 = 3.
We ÿrst show
(1) Let p = (e1; : : : ; em) be a ÿnite path such that t D (u1) = . Then
Assume t D (um+1) = or t D (um+1) = ÿ and take H = Dp. Then the following facts are easy to see: These facts and ( * * ) imply H D, which is impossible, because H * = D * . The following three facts are immediate consequences of (1): 
Obviously u1 ∈ V D er (u1), and also by (2), um+1 ∈ V D er (u1). Assume u l ∈ V D er (u1) for some l = 2; : : : ; m. Let e be a regular edge from u l to u1. Take the ÿnite path q = (e l ; : : : ; em) and the simple cycle r = (e; e1; : : : ; e l−1 ) and H = Dq. First, by simple veriÿcation (as for (1)) we obtain that H is a digraph of type Á, because ss H (um+1) = ss D (um+1) + 1 = 1 + 2 + 1 6 Á, by ( * ). Secondly, r is also a simple cycle in 
and ss H (w) = ss D (w) + 1 = 1 + 2 + 1 6 Á for each w ∈ V P end :
Hence ÿrst, H ∈ D(Á). Secondly, by these facts and ( * * ) we have H D, which is impossible. Now we show Now since A = ∅, we obtain by (7), (8) and Lemmas 1, 2 that D ∈ UDD(Á). But this is impossible, so A must be empty. The proof of Lemma 5 is ÿnished.
Of course, this lemma completes the proof of Theorem 4.
We also use Lemma 5 to prove Theorem 7 from the ÿrst part [2] . Recall Assume otherwise that D ∈ UDD(Á) is a connected digraph such that
Assume also
Thus, since D ∈ UDD(Á) and Á ¿ ℵ0,
By the above facts we have that H is a digraph of type Á. Moreover, it follows from our assumption ( 
Now we show
Take v ∈ B. Then v ∈ A, because sr 
It is easy to see that H preserves this sum, i.e.
Thus sr H (v); er H (v) = 0; 1 . In particular, t H (v) = .
By (23)- (25) we have that H is a digraph of type Á, and {v ∈ V H : t H (v) = } is empty. Hence, H D, i.e. D ∈ UDD(Á). This contradiction implies that D has at most one regular edge.
Summarizing, we have proved Theorem 7 from the ÿrst part [2] for inÿnite digraph types, and also the ÿrst condition (b.1) of Theorem 8.
In the proof of the rest two conditions (b.2) and (b.3) we will yet need some technical deÿnitions and lemmas. Let D be a digraph and p = (f1; f2; : : :) an inÿnite sequence of its edges. p is said to be an inÿnite chain i I D 2 (fi) = I D 1 (fi+1) for i = 1; 2; 3; : : :. An inÿnite chain p is an inÿnite path i p does not encounter the same vertex twice.
As previous, u1; u2; u3; : : :, or more formally u 
, then each of its weak subdigraphs is also of type Á.
in particular, sr
. By simple induction we obtain also that for a digraph D and its strong (dually strong) subdigraph H and its ÿnite chain p = (e1; : : : ; em) and its inÿnite chain (inÿnite ↓-chain) q = (f1; f2; f3; : : :), if u
, then p and q are contained in H. Recall also (see [2] ) that for any digraph D and non-empty set of vertices W , W 
If H 6 r D and K 6 r DF are relative subdigraphs such that
then H is also a strong (dually strong) subdigraph of DF .
Hence we obtain that for any set
then H F∩E H is also a strong (dually strong) subdigraph of DF .
Lemma 7. Let D ∈ D(n), where n ∈ N, and a directed triple of cardinal numbers = 1; 2; 3 and a non-negative integer ∈ N satisfy the following conditions: 
Now by induction on k we can construct our inÿnite ↓-path (e1; e2; : : : ; e k ; : : :). More precisely, er D (u) ¿ ℵ0, so there is a regular edge e1 ending in u. Next assume that p k = (e k ; : : : ; e1) is a ÿnite path of D ending in u and take its initial vertex v, i.e. v = I (v) such that w ∈ V p k . In particular, there is an edge e k+1 from w to v. Obviously (e k+1 ; e k ; : : : ; e1) is also a ÿnite path ending in u, which completes the induction step. Thus Induction Theorem ends the proof.
Lemma 9. Let a digraph D and u ∈ V D satisfy the following conditions:
Then there is an inÿnite ↓-path ending in u.
Proof. Let A be the set of all ÿnite paths ending in u, and for each k ∈ N\{0}. Let A(k) be the set of all ÿnite paths having length k. Let B(k) be the set of all ÿnite paths having length not less than k. Let p = (em; : : : ; e1) be a ÿnite path ending in u and k ¿ m. Then B(p; k) is the set of all ÿnite paths (f l ; : : : ; f1) ending in u such that l ¿ k and f1 = e1; f2 = e2; : : : ; fm = em. A(p; k) is the subset of B(p; k) consisting of all ÿnite paths which have length k.
Obviously for each ÿnite path p = (em; : : : ; e1), |A(p; m + 1)| 6 er D (u p 1 ) ¡ ℵ0: Using the above facts and induction we construct our inÿnite ↓-path. First, B(1) = p∈A(1) B(p; 1). Hence we can take a one-element path p1 such that B(p1; 1) is inÿnite, because A(1) is ÿnite.
